In this paper, we consider a weighted neutral functional differential equation of fractional order
Introduction
In the last few years, the fractional differential equations have attracted a considerable interest in mathematics and many applications and also played a very important role in mathematical modeling to systems and processes in various sciences such as physics, mechanics, chemistry, engineering, etc. For more details, see the monographs of Abbas et al. [1] , Kilbas et al. [21] , Miller and Ross [25] , Podlubny [28] and Samko et al. [29] , and the papers of Delboso and Rodino [9] , Diethelm et al. [11, 12] , Gaul et al. [16] , Glockle and Nonnenmacher [17] , Metzler et al. [24] , Momani et al. [26] , Momani and Hadid [27] , Yu and Gao [30] and the references therein.
Due to the application of fractional differential equations in many areas of applied mathematics, there has been a major development and an increasing interest in the investigation of the neutral functional differential equation with the effect of infinity delay. To our knowledge, fractional delay neutral functional differential equations has not been extensively studied. Especially, the results dealing with the weighted fractional differential equations are comparatively scarce. Among these works, see [2-4, 6, 7, 10, 14] . For example in [7] , Benchohra et 
where 0 < α < 1, In [14] , Dong considered a weighted fractional functional differential equation with infinite delay
where
is given function satisfying some assumptions, y(t) = t 1−α y(t) and B be the phase space. The author used the Banach contraction principle and Schauder fixed point theorem to obtain the existence and uniqueness results. Moreover he also discussed the continuous dependence of solutions for problem (3)-(4) in the space
Motivated by the above works, and inspired by [14] , we consider a weighted fractional neutral functional differential equation with infinite delay
satisfy certain conditions that will be specified later, B the phase space of functions mapping (−∞, 0] into R, which will be specified in Section 2., ϕ ∈ B with ϕ(t) = ϕ(t) for t ∈ (−∞, 0] and y(t) = t 1−α y(t). The purpose of this paper is to establish and develope the existence, uniqueness and continuous dependence of solutions for the problem (5)-(6) with infinite delay and nonzero initial values by means of Schauder fixed point theorem and Banach fixed point theorem. The results obtained here generalizes the results of [14] .
The paper is organized in five sections, In Section 2 we introduce some preliminaries and list the hypotheses that will be used throughout this paper. Section 3 is devoted to proving the existence and uniqueness of solutions of (5)- (6) . Section 4 addressing the continuous dependence of solutions to such equations in the space C 1−α ((0, b] ). Finally, the conclusion is given in Section 5.
Preliminaries
In this section, some required notations, definitions and some hypotheses are given. Let C ((0, b] 
We will consider the following space 
Definition 2.3. A function y ∈ Ω is said to be a solution of (5)- (6) if y satisfies the equation
In this paper, we consider the phase space (B, ∥.∥ B ) which is a semi-normed linear space of functions mapping (−∞, 0] into R, and fulfilling the following fundamental axioms that is similar to that introduced by Hale and Kato in [18] and widely discussed in [19] : 
(ii) |y(t)| H ∥y t ∥ B , where H > 0 is a constant;
(H3) The space B is complete.
Note that, the condition (H1)(ii) is equivalent to |ϕ(0)| H ∥ϕ∥ B for all ϕ ∈ B.
Main results
In this section, we exhibit and demonstrate the existence and uniqueness results for (5)- (6) under the Schauder fixed point theorem and the Banach fixed point theorem. Before starting and proving our main results, we assume that the following hypotheses are satisfied:
(A2) There exists a positive constant L g such that
(A5) The function g is completely continuous and for any bounded set in Ω, the set {t → g(t, y t ) :
Lemma 3.1. Let (A3) holds. The function y ∈ Ω is a solution of the fractional integral equation
and (5)- (6) . provided that the integral in Eq. (8) 
y(t) = ϕ(t), t ∈ (−∞, 0] if and only if y is a solution of the fractional differential equation
. In view of Lemma 2.1, we obtain
Since y(t) = t 1−α y(t) and use initial condition Eq. (6), then y(0) = C = ϕ(0). Hence, the general solution to problem (5)- (6) is
Next, for t ∈ (−∞, 0], y 0 (t) = ϕ(t) and ϕ(t) = ϕ(t). Thus by Eq. (7), we get
On the other hand, if Eq. (10) is satisfied for t ∈ (0, b], then by using Definition 2.2, we have
Finally, if Eq. (11) is satisfied, we have
By using Eq. (7), we get
Comparing Eq. (12) and Eq. (13), we obtain y 0 = ϕ, which completes the proof. Our first result is based on the Banach fixed point theorem.
Theorem 3.1. If the hypotheses (A1), (A2) and (A3) hold, then there exists a unique solution to (5)-(6) on
Proof. Transform the problem (5)-(6) into a fixed point problem. Consider the operator N : Ω → Ω defined by
Then z 0 = 0. If y(.) satisfies the integral equation
we can analyze y(·) as follows
Set Ω 0 = {z ∈ Ω, z 0 = 0}. For z ∈ Ω 0 , and let ∥.∥ Ω0 be seminorm in Ω 0 described by
Then (Ω 0 , ∥z∥ Ω0 ) is a Banach space. Let the operator T : Ω 0 → Ω 0 be defined by
and (T z) 0 = 0. Clearly, the fixed point of the operator N is solution of the problem (5)-(6) and it's equivalent the fixed point of the operator T that is also solution of Eq. (16) . Now, we turn to proving that T has a fixed point by means of the Banach fixed point theorem. For this purpose, it's enough to show that T : Ω 0 → Ω 0 is a contraction map. Indeed, by the hypothises, then for z, z * ∈ Ω 0 and for all t ∈ (0, b], we have
Since
we have
and hence
From inequality (14) , then T is contraction map in Ω 0 . As consequence of Banach fixed point theorem, we can conclude that T has a unique fixed point which is just the unique solution to the integral equation Eq. (16) 
Set y = ϕ + z , then y is the unique solution to the problem (5)- (6) on (−∞, b].
Next, the following result gives an existence result based on the Schauder fixed point theorem.
Theorem 3.2. Assume that the hypotheses (A3), (A4) and (A5) hold. If
K b ( c 1 b 1−α + b 2 ∥η∥ p Γ(α + 1) lim ζ→+∞ sup Ψ (ζ) ζ ) < 1.(21)
Then there exists at least a solution to (5)-(6) on (−∞, b].
Proof. Let the operator T : Ω 0 → Ω 0 be defined as in Eq. ( 18) . We shall prove that the operator T is continuous and completely continuous. To this end, we proceed in serval steps:
Step 1 : T is continuous. Let {z n } n∈N be a sequence in Ω 0 such that z n → z in Ω 0 as n → ∞. Then for every t ∈ (0, b], we have
From the continuity of f , the complete continuity of g and the Lebesgue dominated convergence theorem, then ∥T z n − T z∥ Ω0 → 0 as n → ∞. So T is continuous.
Step 2 : T maps bounded subsets into bounded subsets in Ω 0 . Consider B r = {z ∈ Ω 0 : ∥z∥ Ω0 r}. By our hypothises, then for any z ∈ B r and for each t ∈ (0, b], we have
and use Hölder's inequality, then the inequality (22) becomes as follows
Thus there exists a positive number
ℓ. This implies that T B r ⊂ B ℓ i.e. T maps bounded subsets into bounded subsets in Ω 0 .
Step 3 : T maps bounded subsets into equicontinuous subsets in Ω 0 . Let B r be a bounded set of Ω 0 as in Step 2, and let also z ∈ B r and for t 1 , t 2 ∈ (0, b], with 0 < t 1 < t 2 b, we have
The complete continuity of g imply that,
hence, from our hypothesis and Hölder's inequality, we obtain
where r 0 be defined as in Step 2, e 1 = (α − 1)q + 1 q and e 2 = ((α − 1)q + 1)
It follows that t
, and the convergence is independent of z in B r , which implies that the set {T B r } is equicontinuous.
As a consequence of Steps 1-3, and along with the Arzela-Ascoli theorem, we can conclude that T : Ω 0 → Ω 0 is continuous and completely continuous.
To apply Schauder's fixed point theorem, we need to verify that there exists a closed convex bounded subset B ϵ = {z ∈ Ω 0 ; ∥z∥ Ω0 ϵ} ⊆ Ω 0 such that T B ϵ ⊆ B ϵ . For this purpose, it is clear that B ϵ is closed, convex and bounded of Ω 0 for the each positive integer ϵ, and we claim that there exists a positive integer ϵ such that T B ϵ ⊆ B ϵ . If this property is false, then for every positive integer ϵ, there exists
where t ϵ denotes t depending on ϵ. However, by using the previous hypotheses, we have
From Eq. (23), we can derive that
with Eq. (25) lead us to
Dividing both sides by ζ and taking the upper limit as ζ → +∞, we get
which contradicts with Eq. (21). Hence, for some positive integer ϵ, we must have T B ϵ ⊆ B ϵ . An application of Schauder's fixed point theorem shows that there exists at least a fixed point z of T in Ω 0 . Then y = z + ϕ is the solution to (5)-(6) on (−∞, b], and the proof is completed.
Continuous dependence
In this section, we discuss the influence of perturbed data to the solutions. ((0, b] ) of the problem (5)-(6) is continuously  dependent on the two functions f and g if for every f, f , g, g ∈ C((0, b] × B, R),   y(g, f, .) − y( g, f , . )
In our first result, we investigate at the continuous dependence of solutions on the initial values. The results previous remain valid if replace of the problem
For that, we denote by y(ϕ, .) the solution to problem (5)- (6) and by y(ψ, .) the solution to problem (26)- (27) . 
then there exists a constant κ such that
Proof. In view of Theorem 3.1, we know that for every ϕ, ψ ∈ B, the equation Eq. (5) 
Next, we study the continuous dependence of solutions on the given functions f and g. Now, we denote by y(g, f, .) the solution to problem (5 )- (6) and by y( g, f , .) the solution to the problem
Theorem 4.2. Let f , f, g and g fulfill hypotheses (A1), (A2) and (A3). If
then there exist two constants κ 1 and κ 2 such that
Proof. The existence and uniqueness results can be confirmed by Theorem 3.1 and Theorem 3. 
Consequently, for t ∈ (0, b], we have
Therefore, since
.
Then we obtain Remark 4.1. (6) with g ≡ 0 has been discussed by Dong [14] . The author proved the existence and continuous dependence of solutions for (3)- (4) [14] . In addition g ̸ = 0. The development is done by using the discretization technique through Banach fixed point theorem and Schauder fixed point theorem. Moreover, the problem that is considered here is different from that has been considered by Dong in [14] .
The problem (5)-

Conclusion
We have successfully developed appropriate conditions for existence and uniqueness of solutions to a weighted neutral functional differential equation (5)- (6) with fractional order and infinite delay. The respective conditions have been derived by using fixed point theorem of Banach and Schauder type. Moreover, we also discussed the influence of perturbed data of solutions in weighted space C 1−α (0, b] .
The paper did make some development on Dong's work [14] . In [14] , he studied the existence and continuous dependence for weighted functional fractional differential equation (3)- (4) with infinite delay. The development was done by using the discretization technique. Moreover the problem that is considered here is different from that has been considered by Dong in [14] .
